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The space-uniform amplitude envelope of the Ion Temperature Gra-
dient driven turbulence is unstable to small perturbations and evolves to
nonuniform, soliton-like modulated proles. The induced poloidal asym-
metry of the transport fluxes can generate spontaneous poloidal spin-up
of the tokamak plasma.
Contents
1 Introduction
The ion temperature gradient turbulence, considered a major source of anoma-
lous transport in the tokamak plasma, is characterized by the coexistence of
irregular patterns (randomly fluctuating eld) and intermittent robust cuasi-
coherent structures. In closely related fluid models (for exemple, in the physics
of atmosphere) modulational instabilities are known to produce solitary struc-
tures on the envelope of the fluctuating eld. In the case of the tokamak, this
can be particularly important since a poloidally nonuniform amplitude of the
turbulence generates nonuniform transport rates. For a suciently high nonuni-
formity the torque arising via the mechanism initially mentioned by Stringer [?]
may overcame the rotation damping due to the poloidal magnetic pumping. In
this work we show that this can indeed be the case by proving that the uni-
form poloidal envelope of the ITG turbulence is an unstable state. It appears
that the ITG turbulence has intrinsic resources to generate poloidal rotation
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via a combination of mechanisms which is not directly related to the Reynolds
stress, inverse cascade, direct-ion loss, or other classical sources of rotation. We
provide an essentially mathematical explanation of the instability of the solu-
tion consisting of poloidally uniform envelope of the turbulence. Based on the
geometrico-algebraic method of solving integrable nonlinear dierential equa-
tions on periodic domains we invoke an existing result, that any perturbation
removes the degeneracies due to coincident eigenvalues in the main spectrum of
the Lax operator, thus changing the topology of the hyperelliptic Riemann sur-
face that provides the solution. The perturbed solution separates exponentially
(in function space) from the initial one (uniform envelope) and this yields an
exponential growth of the poloidal nonuniformity. The magnitude of the torque
may be comparable to the poloidal magnetic damping.
There are many works in plasma physics related to the soliton dynamics
[?], [?], [?], [?], [?], etc. In a recent paper the focusing solution has been used
to study the formation of coherent motion or intermittent patterns (streamers)
[?]. Our work is basically a mathematical approach, using well developed tech-
nics related to the Inverse Scattering Transform method for periodic domains.
However, more physical analysis may become possible combining the knowl-
edge of the spectral properties of the ion turbulence with the nonlinear stability
properties.
This work consists of several parts that may appear as developing separately:
the derivation of the ion equation (barotropic equation), the multiple space-
time scales analysis, the solution of the Nonlinear Schrodinger Equation and
the stability of the solution, the torque arising from the Stringer mechanism
and the possibility of the rotation. For being self-contained the paper also
includes a review of the multiple space-time analysis (from the atmospheric
physics applications) and of the geometric-algebraic method of integration of
the Nonlinear Schrodinger Equation. Even if these parts could be found in basic
works (see the references) they are included both for clarity and for their extreme
importance for further applications related to our problem or independent of
this.
2 The slab model of the ion mode instability
We consider cylindrical geometry with circular magnetic surfaces. Locally the
model can be reduced to a slab geometry with (x, y) cartezian coordinates re-
placing respectively the radius and poloidal angle coordinates (r, θ). At equilib-
rium the plasma parameters are constant on the magnetic surfaces. The eects
of the toroidicity and of the particle drifts are not included instead the nonlin-
earity related to the ion polarization drift is fully retained. The plasma model
consists of the continuity equations and the equations of motion for electrons
and ions:
∂nα∂t +r (nαvα) = 0 (1)
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mαnα (∂vα∂t + (vα  r)vα) = −rpα −r  piα + eαnα (E + vαB) + Rα (2)
where α = e, i. The friction forces Re = −Ri = −n jejJ‖/σ‖ , which are im-
portant for the parallel electron momentum balance, vanish for innite plasma
conductivity, which we will assume. The collisional viscosity pie,i will be ne-
glected as well. However we will need to include it later when we will consider
the balance of the forces contributing to the poloidal rotation. The electron and
ion temperatures are considered constant along the magnetic lines r‖Te,i = 0.
The equilibrium quantities are perturbed by the wave potential φ: n = n0 + en.
A sheared poloidal plasma rotation is included, and we later will make explicit
the corresponding part in the potential, φ0.
The momentum conservation equations are used to determine the perpendic-
ular velocities of the electrons and ions. The parallel momentum conservation
equation for electrons, in the absence of dissipation or drifts gives the adiabatic
distribution of the density fluctuation. The velocities are introduced in the con-
tinuity equations to nd the dynamical equations for the density and electric
potential.
From the equations of motion for the ions the velocities are obtained in the
form:
vi = v⊥i = vdia,i + vE + vpol,i
where the ion diamagnetic velocity is
vdia,i = 1ni1miΩibnrpi
The versor of the magnetic eld is bn; the versors along the transversal coordinate
axis (x, y) will be noted (bex,bey). The ion-polarization velocity is:
vpol,i = −1 jejniBnimi (∂vE∂t + (vE  r)vE) bn (3)
= −1BΩi (∂∂t + (vE  r⊥))r⊥φ
Using the notation ddt  ∂∂t+(vE  r⊥) the perpendicular ion velocity can be
written
v⊥,i = vdia,i + vpol,i +−rφ bnB (4)
= Ti jejB1nidnidrbey − 1BΩiddt (r⊥φ) +−rφ bnB
The equation for the velocity of the electrons is
ve = v⊥,e + v‖,e
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v⊥e = vE + vdia,e (5)
= −rφ bnB + 1n1meΩe (bnrp)
= −rφ bnB + Te − jejB1n0dn0drbey (6)
We assume neutrality ne = ni = n and introduce the expressions of the
velocities in the continuity equations for ions and for electrons.
The ion continuity equation is
∂n∂t +r (nv⊥,i) = 0
The electron continuity equation is











+r⊥  (nvdia,i)−r⊥  (nvdia,e)
= 0
From the last term in the left we get:
dn0dxbex  vdia,i + (r⊥en)  vdia,i =
= −TiTe (Te jejB1n0dn0dx) ∂en∂y






−TiTe (Te jejB1n0dn0dx) ∂en∂y − (Te jejB1n0dn0dx) ∂en∂y
= 0
or:
− (1 + TiTe) (Te jejB1n0dn0dx) ∂en∂y + 1BΩir⊥  (nddtr⊥φ) +r‖ (nv‖e = 0
(7)
From the continuity equation for electrons







∂en∂t + 1B∂φ∂ydn0dx + +vdia,e  r⊥en + V0∂en∂y + (9)
+n0
(r‖  v‖ + v‖r‖en
= 0
where the seed poloidal velocity is V0 (x) = −dφ0 (x) Bdxbey. The parallel
momenttum balance gives the parallel electron velocity
v‖e = −σ‖e2r‖ (jejφ + Te ln (n/n0)) (10)
In the absence of friction (σ !1) and of particle drifts the electron response
is adiabatic
enn0 = −jejφTe
and the potential is determined from Eq.(7). To develop separately the ion-
polarization drift term, we introduce the notation:
W  1BΩir⊥ [(n0 + en) (∂∂t + vE  r⊥)r⊥φ]
= 1BΩir⊥ [(n0 + en) I]
where we make explicit the electric potential φ0 associated to the initial plasma
poloidal rotation, V0bey.




































+ (ev  r⊥)

r⊥eφ

5
